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1. Introduction
If R is a local Gorenstein ring, two proper R-ideals I and J are said to be linked if
there is a regular sequence α = α1, . . . , αg ⊂ I ∩ J such that J = (α) : I and I = (α) :J .
This notion generates an equivalence relation on all unmixed (or Cohen–Macaulay) ideals
of the same codimension, called liaison or linkage. The goal of linkage theory is to give
necessary and sufficient conditions for two ideals to lie in the same linkage class. By far the
most well understood case is that of the licci ideals, those in the linkage class of a complete
intersection. For example, if I is licci, then the Koszul homologiesHi(I), and the modules
ExtiR(R/I,R/I), are Cohen–Macaulay for every i [4,11].
Licci ideals, which include the prototypical perfect ideals of codimension 2 and
Gorenstein ideals of codimension 3, have been extensively studied in the past few years,
mainly by Huneke and Ulrich [14,15,17,18,29] via the method of generic and universal
linkage. To mention only a few of these results, let R be a formal power series ring over
a field k, I a licci R-ideal, set A = R/I , and assume that A is rigid over k (i.e., that
all infinitesimal deformations are trivial). The results then depend on whether or not A
is Gorenstein [15,18,29]: If A is Gorenstein, then A is factorial, its singular locus has
codimension 7 (if A is not regular), and A has embedding codimension 3 and deviation
 2 locally in codimension 12; If A is not Gorenstein then A has an infinite cyclic divisor
class group, its singular locus has codimension 4, and A has embedding codimension  2
and deviation  1 locally in codimension 6. These facts give us a good understanding of
the basic structure of licci algebras.
In this work, we introduce a larger class of algebras which enjoy many of these
properties. The (naive) motivation for this is easily expressed geometrically: If X ⊂Ank and
Y ⊂Amk are Cohen–Macaulay varieties, then we consider the linkage class of the product
X×k Y ⊂An+mk . By the Künneth formula, one would expect that many of the homological
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this was already observed in [12]. Although one could study various linkage classes of
products in greater generality, we will focus attention on the linkage class of products of
licci varieties. Of course, algebraically, this simply amounts to studying the linkage class
of the corresponding tensor product of coordinate rings. We call these resulting algebras
tepli, as they are algebras in the linkage class of a tensor product of licci algebras. Actually,
as we are only concerned with a local situation, it is convenient to work in the category of
complete local k-algebras; thus our corresponding product ring will be the complete tensor
product.
Whereas for licci algebras, the important distinction was whether or not the ring is
Gorenstein, for a tepli algebra in the linkage class of a complete tensor product of a
pair of licci algebras, the issue now seems to be whether or not one of the factors is
Gorenstein. This class, with one factor being Gorenstein, seems especially close to the
licci case, and indeed, one might conjecture that this restricted class of tepli rings is the
proper generalization. We are able to demonstrate some similarities, but unfortunately are
not able to establish all the corresponding results in full. These results also serve to give
further evidence that it is difficult to give sufficient conditions in general for an ideal to be
licci.
The outline of the paper is as follows. Section 2 serves to set our notation and
terminology for this work, while in Section 3 we use the Künneth formula, together with
standard known homological linkage invariants, to derive some of the basic homological
properties of tepli ideals. In particular, their Ext modules are Cohen–Macaulay, but, unlike
licci ideals, in general they are not strongly Cohen–Macaulay. In Section 4 we give lower
bounds for the Betti numbers of tepli ideals. Of course, these results have no analog for
licci ideals. The simplest tepli varieties are those linked to a product of codimension 2
and codimension 3 Gorenstein varieties; these may be studied by deforming to the generic
case. In this case, we then use homogeneous linkage, and the work [15], to show that
the Betti numbers of such a tepli ideal (say evenly linked to such a product) can be no
smaller than the corresponding Betti numbers of the product. For an arbitrary (evenly)
tepli ideal one still obtains somewhat weaker bounds, since each licci factor behaves (after
deformation) locally in small codimension as if it is of codimension 2 or Gorenstein of
codimension 3. One consequence is that there are infinitely many linkage classes of tepli
ideals of every codimension  4. Section 5 applies some standard smoothability results
of linkage. Basically, under linkage one can preserve smoothability in codimension 3, and
in the Gorenstein case, one can preserve smoothability in codimension 6, at least in the
nonobstructed case. The latter result is essentially known, however we thought it useful
to included the proof here, by combining the arguments of [17,22]. Thus, in particular,
rigid tepli algebras are (R3) and rigid tepli Gorenstein algebras are (R6). Whether these
numbers are exactly the codimensions of their singular loci remains an open question.
Section 6 applies the results of [18] toward the further study of the local properties of
tepli ideals. Although there are some differences, by and large, it turns out that tepli ideals
enjoy similar local properties to that of licci ideals. For example, in the rigid case, locally
in codimension 7, the ring is either an almost complete intersection and has embedding
codimension at most two, or is Gorenstein of deviation at most two and embedding
codimension at most three. These results are sharp: in general a tepli ideal is not licci
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class group. Although this is known in the licci case [29], to extend this result would seem
to require new techniques. However, just considering the complete tensor product of licci
algebras, we see that there is no bound on the rank of such a divisor class group. Of course
this gives another reason for why these algebras are not licci, but it is far from definitive.
2. Preliminaries
This section serves to establish the terminology, as well as the basic technique, that we
shall use throughout the paper.
Let (R,m,k) be a noetherian local ring and let I be a (proper) R-ideal. The grade
of I is the length of a maximal R-regular sequence contained in I . When R is Cohen–
Macaulay this coincides with the height of I , which we often refer to as the codimension
of I . We denote by µ(I) the minimal number of generators, and d(I)= µ(I)− gradeI is
the deviation. We say that I is a complete intersection (respectively, an almost complete
intersection) if d(I) = 0 (respectively, d(I)  1). An R-ideal I is perfect if grade I =
projdimR/I . In this work, R will often be a regular local ring. In this case, I is perfect
precisely when R/I is Cohen–Macaulay. Further, let A = R/I . We define the deviation
of A by d(A) = d(I) (this is independent of the chosen presentation). If A is Cohen–
Macaulay of dimension d , its type is r(A)= dimk ExtdA(k,A). If A has a canonical module
ωA, then r(A) = µ(ωA). We say that I satisfies (CIk) (or A satisfies (CIk)) if Ip is a
complete intersection for every p ∈ V (I) with dim(R/I)p  k. We say that I is generically
a complete intersection if I satisfies (CI0).
A noetherian local ring S is a deformation of a noetherian local ring R if there is an
S-regular sequence x such that S/(x) ∼= R. More generally, if J is an S-ideal and I is
an R-ideal, then the pair (S, J ) is a deformation of (R, I) if there is a sequence x that is
regular on S and S/J such that (S/(x), (J, x)/(x)) ∼= (R, I). If R and S are k-algebras,
and the epimorphism S→ R is a k-algebra homomorphism, then (S, J ) is a deformation
of (R, I) over k. If k is a field, and A is a complete noetherian local k-algebra, one says that
A is rigid (over k) if every infinitesimal deformation of A over k is trivial. If A is reduced
and k is perfect, then this is equivalent to the vanishing of Ext1A(Ω(A),A), where Ω(A) is
the universally finite module of differentials of A over k. Furthermore, in this case, every
(formal) deformation of A over k is trivial: every complete deformation of A over k is
isomorphic to a power series ring over A.
Let k be a fixed ground field. We will need to consider the complete tensor product
A ⊗̂k B of complete local k-algebras A and B . Since we are mainly interested in the case
when k is the common residue field of both A and B , we may use the following convenient
definition. We consider the category of complete local k-algebras with residue field k, with
morphisms being the local k-algebra homomorphisms. Given two such algebras A and B ,
their complete tensor product A ⊗̂k B is their coproduct in this category. In other words,
A ⊗̂k B is a complete local k-algebra, with residue field k, together with local k-algebra
homomorphisms A→A ⊗̂k B←B , satisfying the usual universal property that any local
k-algebra homomorphisms A→ C ← B , to a complete local k-algebra C, must factor
uniquely through A ⊗̂k B .
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shall often use. Indeed, if A= k❏x1, . . . , xn❑/I , B = k❏y1, . . . , ym❑/J , then
A ⊗̂k B = k❏x1, . . . , xn, y1, . . . , ym❑/(I, J ).
We may take the morphisms A → A ⊗̂k B ← B to be the k-algebra homomorphisms
induced by the inclusions of k❏x1, . . . , xn❑ and k❏y1, . . . , ym❑ into k❏x1, . . . , xn, y1, . . . ,
ym❑= k❏x1, . . . , xn❑ ⊗̂k k❏y1, . . . , ym❑, followed by the canonical surjection. The universal
property is obviously satisfied.
It is a well-known fact that A ⊗̂k B is flat over A and B . (Cf., e.g., [10].)
In this work, we are exclusively interested in Cohen–Macaulay algebras. Note that
A ⊗̂k B is still the coproduct in this subcategory, i.e., if A and B are Cohen–Macaulay
then so is A ⊗̂k B . Furthermore, if A and B are Gorenstein then so is A ⊗̂k B .
Rather than considering a product of affine subvarieties, it will be more convenient to
allow only that they meet transversally. Recall that if R is a regular local ring then Serre’s
dimension inequality [25] is
codimI + J  codimI + codimJ
for any two R-ideals I and J . This result generalizes the classical fact on the dimension
of the intersection of varieties in affine space. We get a good notion of transversality by
asking that equality holds:
Definition 2.1. Let R be a regular local ring and let I and J be perfect R-ideals. We say
that I and J are transversal if codim I + codimJ = codimI + J .
More generally, we say that perfect ideals I1, . . . , Ir in a regular local ring are
transversal if codim
∑r
j=1 Ij =
∑r
j=1 codimIj . In this case we say that
∑r
j=1 Ij is a
transversal sum. If none of the ideals are a complete intersection, we also say that this
is an r-fold transversal sum.
Lemma 2.2. Let R be a regular local ring and let I and J be perfect R-ideals. Then I and
J are transversal if and only if I ∩ J = IJ . In this case, TorRi (R/I,R/J ) = 0 for every
i > 0.
Proof. Since TorR1 (R/I,R/J )= I ∩J/IJ , the second statement is the rigidity of Tor [23].
Now the statement follows from [25, V, Theorem 3], in the case that dim R/I + J = 0. To
reduce to this case, assume that I ∩J = IJ and let p ∈ V (I +J ). Then by induction on the
dimension, codimI + codimJ = codimIp+ codimJp = codim(I +J )p = codim I +J 
codimI + codimJ . Hence equality holds and thus codimI + codimJ = codim I + J .
For the converse, suppose that I and J are transversal and that dimR/I +J > 0, and let
x = x1, . . . , xs be a sequence that is regular on R/I and forms a system of parameters for
R/I+J . Then dimR/(I, x )= dimR/I−s, and dimR/(I, x )+J = dimR/(I, J, x )= 0.
Hence dimR/(I, x )+ dimR/J = dimR, and therefore (I, x ) and J are transversal, so by
the base case we may conclude that (I, x ) ∩ J = (I, x )J . To show that I ∩ J = IJ , we
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s = 1. Then I ∩ J = (I, x) ∩ J ∩ I = (I, x)J ∩ I = (IJ + xJ ) ∩ I = IJ + (xJ ∩ I) =
IJ + x(J ∩ (I :x)) = IJ + x(I ∩ J ). Hence by Nakayama’s lemma it follows that
I ∩ J = IJ . ✷
It follows that if I and J are transversal perfect ideals in a regular local ring, then the
transversal sum I + J is also perfect. Indeed, if F•, is the minimal free resolution of R/I ,
and G• is the minimal free resolution of R/J , then F•⊗R G• is the minimal free resolution
of R/I ⊗R R/J =R/I + J .
We next observe that a transversal sum defines a complete tensor product, up to
deformation.
Lemma 2.3. Let R = k❏x1, . . . , xn❑ and let I and J be transversal perfect R-ideals.
Then there exists a power series ring S = k❏y1, . . . , yn❑ and an S-ideal J ′ such that,
if T = k❏x1, . . . , xn, y1, . . . , yn❑, then (T , IT + J ′T ) is a deformation of (R, I + J ). In
particular, R/I ⊗̂k R/J is a deformation of R/I + J .
Proof. Set S = k❏y1, . . . , yn❑ and let φ :R → S be the homomorphism defined by
φ(xi)= yi . Put J ′ = φ(J ), and consider the epimorphism π :T → R defined by
π(xi)= xi and π(yi) = xi . Then π(IT + J ′T ) = I + π(J ′) = I + π(φ(J )) = I + J .
Furthermore, the kernel of π is generated by the T -regular sequence x1 − y1, . . . , xn− yn.
Thus it remains to show that this sequence is also regular on T/IT + J ′T . But T/IT +
J ′T ∼= R/I ⊗̂k R/J is Cohen–Macaulay and dimT/IT + J ′T = dimR/I + dimR/J =
n+ dimR/I + J , because I and J are transversal. It follows that π is a deformation. ✷
Definition 2.4. Let R be a local Gorenstein ring and let I and J be proper R-ideals.
(a) We say that I and J are (directly) linked (written I ∼ J ) if there is a regular sequence
α = α1, . . . , αg ⊂ I ∩ J such that I = (α) :J and J = (α) : I .
(b) If in addition grade I + J > g, then we say that I and J are geometrically linked.
It follows that if I and J are linked then I and J are unmixed ideals of grade g.
Furthermore, I and J are geometrically linked (via the regular sequence α) if and only if
I ∩J = (α), or equivalently that V (I)∪V (J )= V (α) (scheme-theoretically); in particular,
I and J are generically a complete intersection.
Definition 2.5. Let R be a local Gorenstein ring.
(a) Two R-ideals I and J are in the same linkage class if there exists a sequence of links
I = I0 ∼ · · · ∼ In = J joining I and J .
(b) If in addition, n is even (respectively odd), we say that I and J are in the same even
linkage class (respectively odd linkage class).
(c) An ideal is licci if it lies in the linkage class of a complete intersection.
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licci varieties.
Definition 2.6. Let R be a regular local ring.
(a) An ideal is tepli if it lies in the linkage class of a transversal sum of licci ideals.
(b) An ideal is evenly tepli (respectively oddly tepli) if it lies in the even linkage class
(respectively odd linkage class) of a transversal sum of licci ideals.
Theorem 2.7 [19, 2.6]. Let R be a regular local ring containing a field, and let I be an
R-ideal in the linkage class of a transversal sum of licci ideals I1, . . . , In. Then I is licci if
and only if at most one Ii is not a complete intersection.
This result suggests other possible invariants for tepli ideals.
Definition 2.8. Let R be a regular local ring and let I be an R-ideal.
(a) We say that I is an r-fold tepli ideal if it is the linkage class of an r-fold transversal
sum of licci ideals.
(b) We say that I has tepli-class (or simply class) χ if it is in the linkage class of an r-fold
transversal sum of licci ideals, with r  2, and exactly χ of which are not Gorenstein.
By the previous theorem (if R contains a field) an r-fold tepli ideal is not licci for any
r  2. By convention, we define the class of a licci ideal to be zero if it is Gorenstein, and
one, otherwise. In general, it may be that χ is multi-valued; however, we will see later that
at least the classes χ = 0,1,2 are distinct.
It is convenient to employ similar ring-theoretic terminology. If A is a complete local
ring containing its residue field k, we say that A is a licci k-algebra if there exists
a presentation A ∼= k❏x1, . . . , xn❑/I , with I a licci ideal. If k is infinite, then one can
show that this is independent of the presentation of A as a quotient of a power series
ring over k. Similarly, a complete local k-algebra A is tepli if there is a presentation
A ∼= k❏x1, . . . , xn❑/I , where I is a tepli ideal. Whenever we use this notion, however, it
should be understood that we are referring to a fixed presentation of A.
We end this section by explaining the basic deformation argument we use in studying
tepli ideals.
Discussion 2.9. Let R be a power series ring over k, I1, . . . , Ir be transversal perfect
R-ideals, let I be their transversal sum, and let J be any ideal in the linkage class of I .
Thus there is a sequence of links
J = J0 ∼ J1 ∼ · · · ∼ Jn = I.
Now using Lemma 2.3 there exists a deformation (S,K) of (R, I) such that S is a power
series ring over k, and S/K is a complete tensor product of k-algebras, each of which is a
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of links in S
L= L0 ∼ L1 ∼ · · · ∼ Ln =K
such that (S,Li) is a deformation of (S, Ji) for every i . In particular, (S,L) is a
deformation of (R,J ). In this way we may usually reduce to the case of the complete
tensor product of licci algebras. Furthermore, given now deformations Bi over k, of each
of factor Ai , there is a induced deformationB = B1 ⊗̂k · · · ⊗̂k Br of A=A1 ⊗̂k · · ·⊗̂k Ar =
S/K . Again using [15, 2.16] we may now find a sequence of links joining B to an
algebra C, such that C is a deformation of S/L, and hence is a deformation of R/J .
Notice that in each of these constructions we do not change the number of factors, their
deviation, or their type. Thus in particular for tepli ideals, one may take the fold and the
class as remaining unchanged.
Now in the complete case, by the work of [3,7], it is known that any licci ideal admits
a rigid deformation. It is also known (cf. Section 5) that such a deformation is (R3). Thus
to study tepli ideals, we are able to deform to the rigid case, at least if we are interested in
proving results up to deformation.
For more information on linkage in general, we refer the reader to [15].
3. Homological properties
In this section we observe that many of the homological properties usually associated
to licci ideals also hold more generally for tepli ideals.
We first recall some fundamental homological invariants of linkage. We denote by
Hi(I) the ith Koszul homology module of the ideal I , built on some generating set of I .
Recall that if R is Gorenstein and I = (x1, . . . , xn) is Cohen–Macaulay of grade g then
H0(x1, . . . , xn) = R/I and Hn−g(x1, . . . , xn) ∼= ωR/I . One says that an ideal is strongly
Cohen–Macaulay if all of its Koszul homologies are Cohen–Macaulay.
The property of being Cohen–Macaulay (or perfect) is invariant under linkage [24].
More generally, the depth of various R/I -modules is invariant under linkage.
Theorem 3.1 [11]. If I and J are R-ideals in the same even linkage class, then Hi(I) is
Cohen–Macaulay for 0 i  * if and only if Hi(J ) is Cohen–Macaulay for 0 i  *. In
particular, I is strongly Cohen–Macaulay if and only if J is strongly Cohen–Macaulay.
Theorem 3.2 [4]. If I and J are perfect R-ideals in the same linkage class, then
depth ExtiR(R/I,R/I)= depth ExtiR(R/J,R/J ) for every i.
It follows that a licci R-ideal I is strongly Cohen–Macaulay, and ExtiR(R/I,R/I) is
Cohen–Macaulay for every i . Since a complete intersection is directly linked to itself, in
fact the entire linkage class of a licci ideal is strongly Cohen–Macaulay. Furthermore, using
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nonobstructed [7].
Now we consider the effect of taking products. Quite generally, various homological
properties of transversal ideals are preserved to their sum. This is embodied by the Künneth
formula. Huneke has shown that a transversal sum of strongly Cohen–Macaulay ideals is
strongly Cohen–Macaulay [12, 1.9]. In fact, he proves the following more general result.
Proposition 3.3. Let R be a regular local ring and let I and J be transversal perfect
R-ideals. Then
Hk(I + J )∼=
⊕
i+j=k
Hi(I)⊗R Hj(J ).
Note that one immediate consequence1 of the Künneth formula is
ωR/I+J = ωR/I ⊗R ωR/J .
Next we record a Künneth formula for certain Ext and Tor modules.
Proposition 3.4. Let R be a regular local ring and let I and J be transversal perfect
R-ideals. Set A=R/I , B =R/J and C =R/I + J . Then
ExtkR(C,C)∼=
⊕
i+j=k
ExtiR(A,A)⊗R ExtiR(B,B),
TorRk (C,ωC)∼=
⊕
i+j=k
TorRi (A,ωA)⊗R TorRj (B,ωB).
Proof. It will suffice to show the formula for Tor. Indeed, if we set g = gradeI and
h= gradeJ , then since R is regular and I, J and I + J are perfect, we have that
ExtkR(C,C)∼= TorRg+h−k(C,ωC)
∼=
⊕
i+j=g+h−k
TorRi (A,ωA)⊗R TorRj (B,ωB)
∼=
⊕
g−i+h−j=k
Extg−iR (A,A)⊗R Exth−jR (B,B)
∼=
⊕
i+j=k
ExtiR(A,A)⊗R ExtjR(B,B).
1 If x = x1, . . . , xn is a generating set for I , and y = y1, . . . , ym is a generating set for J , set g = grade I , and
h = gradeJ , then ωR/I+J ∼= Hn+m−g−h(x, y) = Hn+m−g−h(I + J) ∼= Hn−g(I )⊗R Hm−h(J ) ∼= ωR/I ⊗R
ωR/J , since Hi(x)=Hi(I )= 0 for i > n− g and Hj (y)=Hj (J)= 0 for j >m− h.
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be the minimal free R-resolution of B . Then the complex F• ⊗R G• is the minimal free
R-resolution of A⊗R B ∼= C. Thus tensoring with ωC gives the complex
(F• ⊗R G•)⊗R ωC ∼= F• ⊗R G• ⊗R (ωA ⊗R ωB)
∼= (F• ⊗R ωA)⊗R (G• ⊗R ωB).
Now the argument of [12, pp. 746–748] shows that the Künneth formula holds for this
latter product complex, since I and J are transversal. Thus the homologies, which in this
case are the appropriate Tor’s, decompose as claimed. ✷
The following result is now an immediate consequence of Theorems 3.1 and 3.2, and
the Künneth formulas.
Theorem 3.5. Let R be a regular local ring and let I be a tepli R-ideal.
(a) ExtiR(R/I,R/I) and TorRi (R/I,ωR/I ) are Cohen–Macaulay for every i .
(b) If I is evenly tepli then I is strongly Cohen–Macaulay.
For tepli ideals that are generic complete intersections, we can characterize strong
Cohen–Macaulayness.
Theorem 3.6. Let R be a regular local ring containing a field and let I be a tepli R-ideal
that is generically a complete intersection. Then the following are equivalent:
(a) I is strongly Cohen–Macaulay.
(b) H1(I) is Cohen–Macaulay.
(c) I is evenly tepli or has tepli-class at most one.
Proof. By the previous result, it clearly suffices to show that an oddly tepli ideal I is
strongly Cohen–Macaulay (respectively H1(I) is Cohen–Macaulay) if and only if χ  1.
Let I = I0 ∼ I1 ∼ · · · ∼ In = K be a sequence of links, with n odd, linking I to a
transversal sum K of licci ideals. Let (R˜, K˜) be a deformation of (R,K) such that K˜
is generically a complete intersection, and is tepli of the same type as K , and consider a
sequence of links I˜ = I˜0 ∼ · · · ∼ I˜n = K˜ such that (R˜, I˜ ) is a deformation of (R, I). Now
I is strongly Cohen–Macaulay (respectively H1(I) is Cohen–Macaulay) if and only if I˜ is
[16, proof of 2.1]. Hence we may assume that K is generically a complete intersection.
Now since I is oddly linked to K , by Theorem 3.1, I is strongly Cohen–Macaulay
(respectively H1(I) is Cohen–Macaulay) if and only if the entire linkage class of K is
strongly Cohen–Macaulay (respectively satisfies H1 Cohen–Macaulay). Hence the result
now follows from [19, 2.4b and 2.6]. ✷
Corollary 3.7. Let R be a regular local ring containing a field and let I be a tepli R-ideal
that is generically a complete intersection. Then the following are equivalent:
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(b) The entire linkage class of I has H1 Cohen–Macaulay.
(c) I has tepli-class at most one.
It follows that if I is a tepli R-ideal with χ  2, that is generically a complete inter-
section, then the even and odd linkage classes do not coincide.
Although a tepli ideal need not be strongly Cohen–Macaulay, it turns out that H1 tends
to be Cohen–Macaulay modulo its torsion.
Proposition 3.8. Let R be a regular local ring containing a field and let I be a tepli R-ideal
that satisfies (CI1). Then depth I/I 2  dimR/I − 1.
Proof. There is a natural exact sequence
H1(I)→
⊕
R/I → I/I 2 → 0.
Since I is generically a complete intersection, the kernel of the first map is the R/I -
torsion submodule of H1(I). Now if I is evenly tepli then in particular H1(I) is Cohen–
Macaulay, and so is torsionfree as an R/I -module. Thus the claim follows immediately
from this exact sequence. Hence we may now assume that I is oddly tepli, linked to a
transversal sum K of licci R-ideals. Let (R˜, K˜) be a deformation of (R,K) such that
K˜ is generically a complete intersection, and a transversal sum of licci R˜-ideals, and let
(R˜, I˜ ) be a deformation of (R, I) such that I˜ is oddly linked to K˜ . Furthermore, since K˜ is
generically a complete intersection, we may assume that I˜ and K˜ are linked by a sequence
of geometric links ([15, 2.17], [14, 2.5]).
We claim that it will suffice to show the result for I˜ . For then H1(I˜ ) modulo its torsion
is Cohen–Macaulay, and H1(I˜ )⊗R˜ R ∼= H1(I) [13, 2.15]. Hence the main result of [20]
would imply that H1(I) is Cohen–Macaulay modulo its torsion as well, and thus that depth
I/I 2  dimR/I − 1. Changing notation, we now let R = R˜.
Now by deforming (R,K) further if necessary, [19, 2.4] shows that there is a direct
geometric link L of K satisfying depth L/L2  dimR/L− 1. Since I and L are evenly
linked, we are now done once we show the following result.
Proposition 3.9. Let R be a local Gorenstein ring, let I and J be Cohen–Macaulay
R-ideals that are evenly geometrically linked. Then exactly one of the following conditions
holds:
(a) depth I/I 2 = depthJ/J 2.
(b) I/I 2 is Cohen–Macaulay and depthJ/J 2 = dimR/J − 1.
(c) J/J 2 is Cohen–Macaulay and depth I/I 2 = dimR/I − 1.
Proof. We follow the technique of the proof of [11, 1.11]. By induction on the number of
even links, we may assume that I and J are doubly linked, say I ∼ K ∼ J , via regular
sequences α and β, respectively.
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is trivial. Now consider the case g = 1. In this case, I and J are isomorphic ideals.
Thus depthI/I 2 = depth I 2 + 1 = depthJ 2 + 1 = depthJ/J 2. So we may now assume
that g  2, and that the result holds for smaller g. We choose an element γg ∈ R, that
is a minimal generator of (β), such that α1, . . . , αg−1, γg is a regular sequence which
generates K generically, extend γg to a minimal generating set γ1, . . . , γg of (β), and
set L = (α1, . . . , αg−1, γg) :K . Then L is geometrically linked to K , and I and J are
both doubly linked to L. Hence replacing K by L, we may now further assume that
the linking sequences α and β have a common element γ . Note that (γ ) ∩ I 2 = γ I and
(γ )∩ J 2 = γ J .
If “−” denotes reduction modulo γ , there are exact sequences 0 → R/I → I/I 2 →
I¯ /I¯ 2 → 0 and 0→ R/J → J/J 2 → J/J 2 → 0. The result now follows by induction and
chasing depths in these sequences. ✷
We conclude this section with some examples of tepli ideals.
Example 3.10. Given a graph G, with vertices x1, . . . , xn, one may associate the ideal
I = I (G) in the polynomial ring R = k[x1, . . . , xn] generated by the monomials xixj ,
whenever xi and xj are adjacent in G [26]. One says that G is Cohen–Macaulay
(respectively licci, etc.) if I (G) has this property (possibly locally). One source of Cohen–
Macaulay graphs is the suspension S(G) of G: this is graph obtained from G by adding
a new edge adjacent to each vertex of G. It is known that the suspension of a star
is licci [26, 2.3]. We show that the suspension of the complete bipartite graph Km,n is
tepli.
Let G = Km,n have vertex sets x1, . . . , xm and y1, . . . , yn, and let x ′i (1  i  m)
and y ′j (1  j  n) be new vertices used in forming the suspension. Then I (S(G)) =
({xiyj }1im, 1jn, x1x ′1, . . . , xmx ′m,y1y ′1, . . . , yny ′n). Let I be the link of (x1, . . . , xm)
via the regular sequence α = {xix ′i}1im, and let J be the link of (y1, . . . , yn) via the
regular sequence β = {yiy ′i}1jn. Then it is easy to see that I (S(G)) is linked to the
transversal sum I + J via α,β .
Example 3.11. Let R = k[x1, . . . , x6] and I = (x1x2, x1x5, x1x6, x2x3, x2x6, x3x4, x4x5,
x5x6). Then I is strongly nonobstructed but not strongly Cohen–Macaulay [30, p. 93]. We
will show that in fact I can be deformed into a tepli ideal.
Let
S = k[x1, . . . , x6, y1, . . . , y6], K = I2
(
x1 x2 x3
x4 x5 x6
)
, L= I2
(
y1 y2 y3
y4 y5 y6
)
,
and consider the transversal sum I = K + L. Let κi , (respectively λi ) denote the signed
minor in K (respectively L) obtained by deleting the ith column, and consider the regular
sequence α = κ1, κ2, λ1, λ2 + κ3. Set J = ( α ) : I for the link, which is tepli by definition.
From the mapping cone construction [24], one readily sees that J is generated by 8
quadrics, in fact α together with the monomials x3y3, x3y6, x6y3, x6y6. It is easy to see
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a suitable relabeling of the variables).
Example 3.12. Let R = k[x1, . . . , x5] and let I = (x1x2, x2x3, x3x4, x4x5, x1x5) be the
edge ideal of the pentagon, defining a Gorenstein reduced union of planes in A5.
Let S = R[s] and consider the 1-parameter deformation defined by J = (x1x2 −
sx4, x2x3, x3x4, x4x5, x1x5). (The pentagon being the specialization s = 0.) If A= S/J is
the corresponding deformation ring, we define a direct link B of A⊗k A via the complete
intersection (x1x2 − sx4, x2x3, x1x5) in each factor. Let y1, . . . , y5, t be the coordinates of
the second copy of A, and set T = k[x, y, s, t]. Finally, we linkB (over T ) via the complete
intersection defined by x1x2 − sx4 + y1y2 − ty4, x2x3, y2y3, x1x5, y1y5 and st .
Since the linking sequence is minimal, this defines a tepli Gorenstein algebra C, doubly
linked to A. A run of the computer algebra system MACAULAY shows that C is defined by
the regular sequence above, together with the products x3t, x5t and y3s, y5s. Furthermore,
C is not a tensor product of licci algebras (even after deformation). Indeed, MACAULAY
shows that the second Betti number of C (over T ) is 37. Since C has codimension 6, and
is not licci, it could only be a tensor product of two codimension 3 Gorenstein algebras,
necessarily both of deviation 2. But the second Betti number of such a ring, like A⊗k A,
is only 35.
4. Betti numbers
This section is concerned with the possible Betti numbers of a tepli ideal. To study
this question, we will consider initially the special class of tepli ideals obtained by linking
transversal sums of codimension 2 and codimension 3 Gorenstein ideals. These latter ideals
can be made homogeneous after deformation to the generic case, and we will exploit this
grading to study the resulting linkage class.
Let S = k[x1, . . . , xn] be a positively graded polynomial ring over k, and let I ′ be
a homogeneous perfect S-ideal of grade g. We consider a homogeneous minimal free
resolution of S/I ′:
0 →
bg⊕
j=1
S(−ngj )→·· ·→
b1⊕
j=1
S(−n1j )→ S.
We will make use of the following result on homogeneous linkage.
Theorem 4.1 [15, 5.13]. With the above notation, assume that
maxngj  (g − 1)minn1j . (∗)
Set m= (x1, . . . , xn), R = Sm, and I = I ′R. Then for every R-ideal J in the even linkage
class of I , µ(J ) µ(I) and r(R/J ) r(R/I).
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ideals (as long as they are not complete intersections). For example, assume that the two
ideals have the same initial degree. Then it suffices that their graded Betti numbers satisfy
maxngj  (g − 1/2)minn1j , a condition that is certainly weaker than (∗), and appears in
general to be quite usually satisfied.
Continuing this discussion, we note that (∗) can be preserved under suitable homoge-
neous linkage. For example, suppose that I ′ is a homogeneous perfect S-ideal generated
by forms of the same degree d . Then we may link I ′ via a regular sequence of forms of
degree d , and the mapping cone construction shows immediately that the resolution of
this link has maxngj = (g − 1)d , while minn1j = min{d,gd − *}, where * is the corre-
sponding maximum shift in the resolution of I ′. Thus this link satisfies (∗) if and only if
* (g − 1)d , or in other words, precisely when (∗) holds for I ′.
The upshot of this is that, in the homogeneous case, it is fairly typical that a transversal
sum of perfect ideals will enjoy the same property as in Theorem 4.1: the type and deviation
cannot decrease under linkage. We now give a special instance where we can remove the
homogeneous hypothesis.
Theorem 4.2. Let R be a regular local ring containing a field, let I be a transversal sum
of r perfect ideals of codimension 2 and deviation δ, and s perfect Gorenstein ideals of
codimension 3 and deviation 2δ, and assume that r + s  2 and δ > 0.
(a) For every R-ideal J in the even linkage class of I , d(J ) (r + 2s)δ and r(R/J ) 
(δ+ 1)r .
(b) For every R-ideal J in the odd linkage class of I , d(J )  (δ + 1)r and r(R/J ) 
(r + 2s)δ.
Proof. We first reduce to the complete case. Let J = J0 ∼ · · · ∼ Jn = I be a sequence
of links joining I and J . Then J R̂ = J0R̂ ∼ · · · ∼ JnR̂ = I R̂ is a sequence of links in R̂
joining J R̂ and I R̂. Further, I R̂ is a transversal sum of the same kind as I . Since the
deviation and type do not change under completion, we may assume that R is complete.
On the other hand, we may deform (R, I) to (R˜, I˜ ) in such a way that R˜/I˜ is isomorphic
to a complete tensor product of r + s rigid algebras of the same kind. Let (R,J ) be a
deformation to (R˜, J˜ ) such that J˜ is linked to I˜ in the same number of steps that link J
to I . Of course we have that d(J˜ ) = d(J ) and r(R˜/J˜ ) = r(R/J ). Now set d = δ + 1.
Hence we may assume that the perfect ideals in question are generic, i.e., either the ideal
Id(X) of d-sized minors of a d× d + 1 generic matrix, or the ideal Pf2d (Y ) of 2d th-order
Pfaffians of a 2d+ 1× 2d+ 1 generic alternating matrix. These ideals are extended from a
polynomial ring S = k[x1, . . . , xn], where they are homogeneous in the standard grading.
In order to apply Theorem 4.1 we first verify that any transversal sum of perfect ideals of
the above required type has a homogeneous resolution
0 →
bg⊕
S(−ngj )→ ·· ·→
b1⊕
S(−n1j )→ S
j=1 j=1
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maxngj  (g − 1)minn1j .
As is well-known, the generic perfect ideals of codimension 2 have homogeneous
resolutions
0 → Sd(−(d + 1))→ Sd+1(−d)→ S,
while the generic codimension 3 Gorenstein ideals have homogeneous resolutions
0 → S(−(2d + 1))→ S2d+1(−(d + 1))→ S2d+1(−d)→ S.
Hence a transversal sum of r of the former ideals and s of the latter has a homogeneous
resolution of the form
0→ Sdr (−ν)→·· ·→ Sν(−d)→ S,
where ν = (r + s)(d + 1)+ ds. Of course this ideal has codimension g = 2r + 3s, and it
follows that
maxngi = ν
= (r + s)(d + 1)+ ds
 (r + s)(d + 1)+ ds + d − 2
= (r + s)(d + 1)+ ds − d + 2(d − 1)
 (r + s)(d + 1)+ ds − d + (r + s)(d − 1)
= (2r + 3s − 1)d
= (g− 1)d
= (g− 1)minn1i .
Moreover, from the resolution we see also that d(I)= ν− (2r+3s)= (r+2s)(d−1) and
r(R/I)= dr .
Now, for the odd case (b), we must consider a link of I . From the earlier discussion,
we know that there exist links of I satisfying the required shift condition (∗). To get the
required bounds, we compute a specific link. Each of the perfect ideals of codimension 2 is
directly linked, via a regular sequence of 2 forms of degree d , to a perfect ideal of codimen-
sion 2 minimally generated by d forms (and type d − 1). Similarly, each of the Gorenstein
ideals of codimension 3 is directly linked, via a regular sequence of 3 forms of degree d ,
to a perfect almost complete intersection of type 2d − 2. Taking the transversal sum of
these regular sequences, we obtain a ‘transversal link’ L of the transversal sum [19, 2.1].
If we further choose each of these links to be geometric, then transversal link has the same
property and hence d(L)= dr , r(R/L)= (d−1)r+ (2d−2)s = (r+2s)(d−1) [19, 2.3].
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in case (a), and LR in case (b). Then in either case, J is evenly linked to K , say
J = In ∼ · · · ∼ I0 = K . Since R is complete, say R = k❏x1, . . . , xn❑, we may write
K = K ′R for some homogeneous S-ideal K ′, which is a transversal sum of the given
type in case (a), while K ′ = L in case (b). Now in some extension R(X) of R, there is a
sequence of universal links
KR(X)∼ L1(K)∼ · · · ∼ Ln(K)
such that (R(X),Ln(K)) is essentially a deformation of (R,J ). Notice that Ln(K) is a
proper ideal, for otherwise KR(X) would be licci, which is impossible by Theorem 2.7
since r + s  2. Since the deviation and the type can only decrease under essentially a
deformation, it suffices to that the bounds holds for the R(X)-ideal Ln(K).
Let m denote the irrelevant maximal ideal of S = k[x1, . . . , xn]. Since K is extended
from S, Ln(K) is extended from Sm(X). Furthermore, as the extension Sm(X)⊂R(X) is
faithfully flat, the deviation and type of this ideal does not change. Therefore it suffices to
prove the result in Sm(X). But by flatness the homogeneous free S-resolution of K ′ extends
to the homogeneous free resolution of K ′S(X) over S(X)= k(X)[x1, . . . , xn], and we may
apply Theorem 4.1 to complete the proof. ✷
Remark 4.3. The conclusions of Theorem 4.2 holds more generally if we allow hyper-
surface sections of ideals of the two required types.
Proof. After completion and deformation we reduce to the generic homogeneous case. Let
S = R[x1, . . . , xn] have the standard grading and I ′ be a homogeneous transversal sum of
perfect codimension 2 and codimension 3 Gorenstein ideals, respectively of deviation δ
and 2δ. Now let T = S[y1, . . . , yr ], and set J ′ = (I, y1, . . . , yr). It suffices to show that
T is graded, in such a way that preserves the grading on S, and that the homogeneous
minimal T -resolution of J ′ still satisfies the shift condition (∗).
To achieve this, simply give all the new variables yi degree d = δ + 1. Then J ′
is generated by forms of degree d . Further, if the S-resolution of I ′ has graded Betti
numbers nij (1 i  g), then clearly the last twists in the minimal T -resolution of J ′ are
−(ngj +dr). Hence maxngj +dr  (g−1)minn1j +dr = (g−1)d+dr = (g+ r−1)d ,
which is the condition (∗) for J ′ as it has codimension g + r . ✷
One can actually show an analogous result about most of the Betti numbers, at least for
the even linkage class. To do this we will need a more technical result of [15], of which
Theorem 4.1 is a corollary.
If R is a regular local ring (containing a field, as usual) and I is the transversal sum of r
perfect ideals of codimension 2 and deviation δ, and s Gorenstein ideals of codimension 3
and deviation 2δ, we set bi (r; s; δ)= βi(R/I).
Theorem 4.4. With assumptions as in Theorem 4.2, if J is an R-ideal in the even linkage
class of I , then βi(R/J ) bi (r; s; δ) for all 1 i  2 and i  r + s + 1. Furthermore, if
r + s = 2 then βi(R/J ) bi (r; s; δ) for every i .
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case, where the corresponding transversal sum satisfies the inequality maxngj  (g−1)×
minn1j . Now according to [15, 5.8], it will be sufficient to verify that, if 1  i  2, or
i  r + s + 1, then the inequalities
max
j
nij  iminn1j min
j
ni+1j
do not all hold.
Set d = minn1j  2. Clearly the second inequality fails for i = 1. As for i = 2, one
easily sees that maxn2j = 2d and that minn3j = 2d + 1. Hence maxn2j = 2d  id =
iminn1j minn3j = 2d + 1 is false. Now for i  r + s + 1, we claim that maxnij < id .
To show this, one first verifies by induction that maxnij = id for every 1 i  r + s,
that maxni+1j maxnij + d , and that maxnr+s+1j = (r + s)d + 1. Given this, it is clear
that if the claim holds for i , then it also holds for i + 1. Thus it suffices to show that the
claim holds for i = r + s + 1. But then maxnr+s+1j = (r + s)d + 1 < (r + s + 1)d . ✷
As a consequence of Theorem 4.2, we can show that there are infinitely many linkage
classes of tepli ideals of any given codimension 4.
Theorem 4.5. Let R be a regular local ring containing a field, let I and I ′ be transversal
sums of (respectively) r codimension 2 ideals of deviation δ and s codimension 3
Gorenstein ideals of deviation 2δ, and r ′ codimension 2 ideals of deviation δ′ and s′
codimension 3 Gorenstein ideals of deviation 2δ′, with δ, δ′ > 0, r + s, r ′ + s′  2.
Then I and I ′ are not oddly linked. Furthermore, if they are evenly linked then δ + 1
and δ′ + 1 have the same prime divisors; if either δ = δ′, or r = r ′ (or s = s′), then r = r ′,
s = s′ and δ = δ′.
Proof. We first show that I and I ′ are not oddly linked. By deforming if necessary we may
further assume that I is generically a complete intersection. Now if on the contrary I and I ′
are oddly linked, then it follows that the entire linkage class is strongly Cohen–Macaulay,
hence by Corollary 3.7, both ideals have tepli-class at most one. In particular, we have that
r  1 and r ′  1. By symmetry, Theorem 4.2 now gives that (δ + 1)r = (r ′ + 2s′)δ′ and
(δ′ + 1)r ′ = (r + 2s)δ. Notice that neither r nor r ′ can be zero: if r = 0 say, then from the
first equation we see that r ′ = 1 and s′ = 0, contradicting our assumption that r ′ + s′  2.
Thus we must have that r = r ′ = 1, and hence also s = s′. Eliminating s, we see that δ = δ′.
But then the equation δ + 1 = (2s + 1)δ shows that δ is not an integer, giving the required
contradiction. This proves that I and I ′ are not oddly linked.
Now suppose that I and I ′ are evenly linked. Then by symmetry Theorem 4.2 shows
that (δ + 1)r = (δ′ + 1)r ′ and (r + 2s)δ = (r ′ + 2s′)δ′. Now the first equation shows that
δ+ 1 and δ′ + 1 have the same prime divisors. If δ = δ′, then clearly r = r ′. Further, since
both ideals have the same codimension 2r + 3s = 2r ′ + 3s′, if r = r ′ then also s = s′.
Finally, if s = s′ then also r = r ′ and from the second equation above we conclude that
δ = δ′. ✷
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integers δ = δ′, a transversal sum of codimension 2 perfect ideals of deviation δ and a
(non-trivial) transversal sum of codimension 2 perfect ideals of deviation δ′ lie in distinct
linkage classes.
We now show that the previous results about special tepli ideals actually yields infor-
mation about arbitrary tepli ideals.
Theorem 4.7. Let R be a regular local ring containing a field and let I be an n-fold tepli
R-ideal (n 2) with tepli-class χ .
(a) If I is evenly tepli then d(I) 2n− χ and r(R/I) 2χ .
(b) If I is oddly tepli then d(I) 2χ and r(R/I) 2n− χ .
Proof. We may complete and deform to assume that I is linked to a transversal sum
of n licci ideals Ji , such that each R/Ji is rigid over k, and that exactly that J1, . . . , Jχ
are not Gorenstein. Now by [15, 4.9] and [18] (see also Section 6), for every i , and
for every minimal prime pi ∈ Sing(R/Ji), we know that (Ji)pi is either a (g − 2)-
fold hypersurface section of a grade 2 almost complete intersection (i  χ) or else a
(g − 3)-fold hypersurface section of a Gorenstein ideal of deviation 2. Since the type
and deviation can only decrease by localization, we may assume that the ideals Ji are
hypersurface sections of these two types. Thus we are now done by applying Theorem 4.2
and Remark 4.3 with r = χ , s = n− χ , and δ = 1. ✷
For evenly tepli ideals we get general bounds for all the Betti numbers. We use the
convention that a binomial coefficient
(
n
k
)
vanishes whenever n < k or k < 0.
Theorem 4.8. Let R be a regular local ring containing a field, and let I be an evenly tepli
R-ideal, with grade g and class χ , that is not licci, and let βi = βi(R/I).
(a) If χ  2 then βi 
(
g−4
i
)+ 6(g−4
i−1
)+ 13(g−4
i−2
)+ 12(g−4
i−3
)+ 4(g−4
i−4
)
.
(b) If χ = 1 then βi 
(
g−5
i
)+ 8(g−5
i−1
)+ 22(g−5
i−2
)+ 26(g−5
i−3
)+ 13(g−5
i−4
)+ 2(g−5
i−5
)
.
(c) If χ = 0 then βi 
(
g−6
i
)+ 10(g−6
i−1
)+ 35(g−6
i−2
)+ 52(g−6
i−3
)+ 35(g−6
i−4
)+ 10(g−6
i−5
)+(
g−6
i−6
)
.
Proof. We proceed similarly as in the previous argument, but now instead using Theo-
rem 4.4 and Remark 4.3, with r = 2, s = 0 if χ  2, r = s = 1 if χ = 1 and r = 0, s = 2 if
χ = 0. ✷
Corollary 4.9. Let R be a regular local ring containing a field.
(a) A Gorenstein R-ideal is oddly tepli if and only if it is licci.
(b) An almost complete intersection R-ideal is evenly tepli if and only if it is licci.
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that is oddly tepli, say oddly linked to an n-fold transversal sum of class χ . Then by
Theorem 4.7(b), 1 = r(R/I) 2n− χ  n, so I is licci. ✷
It now follows that a tepli Gorenstein ideal is evenly linked (and not oddly linked, if not
licci2) to a transversal sum of licci Gorenstein ideals.
Corollary 4.10. Let R be a regular local ring containing a field and let I be a tepli
Gorenstein R-ideal. Then I is evenly tepli and χ = 0. In particular, I is strongly Cohen–
Macaulay.
Proof. We may assume that I is not licci. By the previous corollary, it remains to show
that χ = 0. But this is immediate from Theorem 4.7, since 1 = r(R/I) 2χ . ✷
Corollary 4.11. Let R be a regular local ring containing a field and let I be a Gorenstein
R-ideal of deviation at most 3. Then I is tepli if and only if I is licci.
Proof. If I is tepli and not licci then χ = 0 and I is evenly tepli. Hence by Theorem 4.7,
d(I) 2n− χ = 2n 4. ✷
One may use these results to demonstrate that certain ideals are not tepli. For instance,
it follows from [19] that the sum of geometrically linked tepli ideals is in general not tepli,
contrasting the case for licci ideals [28]. Similarly the example of [19, 3.10] is not tepli,
since it is a strongly nonobstructed Gorenstein ideal that is not strongly Cohen–Macaulay.
5. Smoothability
In this section we establish for tepli ideals the analogous smoothability results that are
known for licci ideals. Here we say that a pair (R, I) is smoothable in codimension k
if there exists a deformation (S, J ) of (R, I) such that S/J satisfies (Rk). In the sequel,
R will be a power series ring over a field, and we then require that the ring S is a power
series ring as well.
From the work of Hironaka [9] (or [27]), one knows that linkage preserves smoothability
in codimension 3:
Theorem 5.1. Let R be a power series ring over a field, let I and J be perfect R-ideals in
the same linkage class, and let 0  k  3. Then (R, I) is smoothable in codimension k if
and only if (R,J ) is smoothable in codimension k.
Corollary 5.2. Let R be a power series ring over a field and let I be a tepli R-ideal. Then
(R, I) is smoothable in codimension 3.
2 More generally, it is known that two perfect Gorenstein ideals can never be oddly linked, unless they are
licci (at least if the residue field is infinite) [17, 2.8].
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where J is an arbitrary transversal sum of licci ideals. Since a complete intersection is
smoothable in any codimension, clearly the result holds for licci ideals. Now let I = I0 ∼
I1 ∼ · · · ∼ In = J be a sequence of links joining I to J . By deforming, we may assume
that R/J is a complete tensor product of licci algebras Ai .
Now applying the result in the licci case, we may deform each factor Ai to obtain a
deformation satisfying (R3). Taking the complete tensor product of these deformations
induces a deformation (R˜, J˜ ) of (R,J ) such that R˜/J˜ satisfies at least (CI3). Deforming
further, if necessary, by [17, 3.10], we obtain a deformation that is (R3). Hence (R,J ) is
smoothable in codimension 3, as required. ✷
In the Gorenstein case one can do better: licci Gorenstein ideals are smoothable in
codimension 6. This result was shown in [15], and is based on previous work of Kustin and
Miller [22]. We would like to state these results as generally as possible, and then apply
them to tepli Gorenstein ideals.
We first begin with a result essentially shown in [22]. However, the argument we give is
slightly different in that we can now use the later work [17] to bypass any issues concerning
rigidity.
Theorem 5.3. Let R be a power series over a field, let I and J be Gorenstein R-ideals
that are minimally linked in an even number of steps, and let 0  k  6. Then (R, I) is
smoothable in codimension k if and only if (R,J ) is smoothable in codimension k.
Proof. By [22, 2.2] (and its proof), there exists a sequence of tight double links
I = I0 ∼ I1 ∼ · · · ∼ I2n = J.
Now let (R˜, J˜ ) be a deformation of (R,J ) with R˜/J˜ satisfying (Rk). Then by [22, 3.8]
(and its proof), there exists a sequence
I˜ = I˜0 ∼ I˜1 ∼ · · · ∼ I˜2n = J˜
of semi-generic tight double links in R˜, such that (R˜, I˜2i ) is a deformation of (R, I2i ) for
every i . In particular, (R˜, I˜ ) is a deformation of (R, I). Hence it suffices to show that (R˜, I˜ )
is smoothable in codimension k.
But now R˜/J˜ is (CIk), and, according to [22, 3.10], this property is preserved under
semi-generic tight double linkage for 0  k  6. Hence R˜/I˜ is (CIk). Now [17, 3.10]
shows that (R˜, J˜ ) is smoothable in codimension k. ✷
Now we remove the hypothesis that the sequence of links is minimal. The cost is that
we assume that there are no obstructions to lifting infinitesimal deformations.
Theorem 5.4. Let R be a power series ring over a field, let I and J be nonobstructed
Gorenstein R-ideals in the same linkage class and let 0 k  6. Then (R, I) is smoothable
in codimension k if and only if (R,J ) is smoothable in codimension k.
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2.8]. In the general case, one may reduce to this case by passing to a purely transcendental
extension, and using arguments as in the sequel. Thus, in any event, we will assume that I
and J are evenly linked.
Let
I = I0 ∼ I1 ∼ · · · ∼ I2n = J
be a sequence of links joining I and J . We will successively replace this sequence
by a sequence of links of deformations. First, assuming that (R,J ) is smoothable in
codimension k, there exists a deformation (R˜, J˜ ) such that R˜/J˜ satisfies (Rk), and hence
a sequence of links in R˜
I˜ = I˜0 ∼ I˜1 ∼ · · · ∼ I˜2n = J˜
deforming the given sequence of links. Thus replacingR by R˜, we may as well assume that
R/J satisfies (Rk). (The property of being nonobstructed is preserved under deformation,
cf. [27, proof of 1.6].)
Now since R/I is nonobstructed, it follows that (R, I) has a rigid deformation [27, 1.7].
Thus by deforming the linking sequence, we may assume in addition that R/I is rigid.
We have thus reduced to the following situation: I and J are evenly linked Gorenstein
ideals, joined by a sequence of links I = I0 ∼ I1 ∼ · · · ∼ I2n = J , R/I is rigid, and R/J
satisfies (Rk). To complete the proof, we will show that R/I satisfies (Rk).
Consider the sequence of universal links in S =R(X),
IS ∼ L1(I)∼ · · · ∼ L2n(I).
Let s be maximal such that 1 s  2n and Ls(I) is a proper S-ideal, and set Ji = Li(I)
for 1 i  s. Then
IS→ J1 → ·· ·→ Js
is a sequence of minimal links [15, 2.18].
We claim that s is even. For suppose to the contrary that s is odd. Then in particular
s < 2n, hence Ls+1(I)= S, so that Js is a complete intersection. In particular, Js−1 is an
almost complete intersection. But on the other hand, since s is odd, by the minimality
of this sequence of links, it is clear that Js−1 is Gorenstein. Thus in fact Js−1 is a
complete intersection (by Kunz’s theorem) and hence Js = L1(Js−1)= S [15, 2.13]. This
contradiction proves the claim.
We next consider two cases:
(i) s < 2n. In this case, as we have seen above, Js is a complete intersection. Thus by
linking further (evenly and minimally), we may assume that Js is even a regular ideal.
(ii) s = 2n. Here we have that (S, Js)= (S, J2n) is essentially a deformation of (R,J )=
(R, I2n), so that S/Js satisfies (Rk).
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Now completing we obtain a sequence
I Ŝ→ J1Ŝ→ ·· ·→ JsŜ
of minimal links in Ŝ joining Gorenstein ideals I Ŝ and JsŜ. We may apply Theorem 5.3 to
conclude that (Ŝ, I Ŝ) is smoothable in codimension k. Thus (as in the proof of [15, 2.22])
we may descend to (R, I) : Ŝ/I Ŝ = R/I ⊗̂k k(X) is rigid over k(X), hence Ŝ/I Ŝ must
itself be (Rk), hence so is R/I . ✷
Corollary 5.5. Let R be a power series ring over a field and let I be a tepli Gorenstein
R-ideal. Then (R, I) is smoothable in codimension 6.
Proof. By Corollary 4.10, I is evenly linked to a transversal sum of licci Gorenstein
ideals. By deforming if necessary we may assume that all ideals involved are generically
a complete intersection, and hence are nonobstructed. Since each licci Gorenstein ideal is
smoothable in codimension 6, as in the proof of Corollary 5.2, the result follows now from
Theorem 5.4. ✷
Corollary 5.6.
(a) A rigid tepli algebra satisfies (R3).
(b) A rigid tepli Gorenstein algebra satisfies (R6).
For licci ideals, the previous smoothability results are sharp:
Theorem 5.7 [15, 4.9]. Let A be a rigid licci algebra over a field, that is not regular. Then
codim
(
Sing(A)
)= {4 if A is not Gorenstein,7 if A is Gorenstein.
Although we do not know the corresponding result for tepli algebras, one can obtain
some upper bounds by considering the non-licci locus.
For an ideal I in a local Gorenstein ring R we set
NLicci(I)= {p ∈ V (I) | Ip is not a licci Rp-ideal}.
If I is Cohen–Macaulay and R has an infinite residue field, then it is proved in [17, 2.11]
that NLicci(I) is a closed subset of Spec(R).
By its definition, the non-licci locus is an invariant of the entire linkage class. Hence
to compute the non-licci locus of a tepli ideal, we may restrict attention to the transversal
sum of licci ideals.
Let R be a regular local ring (containing a field) and let I be an r-fold transversal sum
of licci R-ideals Ii , with r  2. Then by Theorem 2.7,
NLicci(I)=
(⋃
NCI(Ii )∩NCI(Ij )
)
∩ V (I).i =j
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codim
(
NLicci(I)
)
min
i =j
{
codim NCI(Ii )+ codim NCI(Ij )
}
.
Note that equality holds if the defining ideals of their non-complete intersection loci are
transversal; for example, this holds in the case of the tensor product.
Now using Theorem 5.7 (in which case Sing coincides with NCI), the following result
is immediate.
Corollary 5.8. Let R be a regular local ring containing a field and let I be a tepli R-ideal,
with class χ , that is not licci. Then
codim
(
NLicci(I)
)

{8 if χ  2,
11 if χ = 1,
14 if χ = 0.
These bounds become sharp in the rigid case:
Theorem 5.9. Let A be a rigid tepli algebra over an infinite field, with class χ , that is not
licci. Then
codim
(
NLicci(A)
)= {8 if χ  2,11 if χ = 1,
14 if χ = 0.
Proof. It suffices to show that the numbers in question are lower bounds. Let A = R/I ,
where R is a power series ring over the infinite field k, and I is a tepli R-ideal, with class χ ,
that is not licci. As we have seen, we can always obtain equality after deformation. Let
(S, J ) be such a deformation of (R, I), and set B = S/J . Thus B is licci in codimension 7
(respectively 11 or 14) if class χ  2 (respectively χ = 1 or χ = 0). By the rigidity of A,B
is a power series ring over A. But as k is infinite, the property of being licci in a given
codimension is independent of the presentation (cf. [17, 2.4]) and descends from faithfully
flat extensions [17, 2.12]. Thus A enjoys the same property. ✷
These results settle Hartshorne’s Conjecture on complete intersections, for almost all
tepli varieties. A local version of this conjecture states that an ideal I of codimension g in
a regular local ringR is a complete intersection if R/I is (CI2g+1). A remaining case is that
of a codimension 6 tepli Gorenstein ideal. If I is not a complete intersection, Hartshorne’s
conjecture asserts that R/I is not (CI13); we can only conclude that R/I is not (CI14).
6. Local properties
In this section we apply the results of [18] to describe some of the local properties
of tepli algebras, showing that they share much of the same properties of licci ideals. In
particular, this will refine the results on smoothability of tepli ideals of the previous section.
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standing assumptions are that (R,m) is a local Gorenstein ring and that I is a Cohen–
Macaulay R-ideal of grade g > 0.
Theorem 6.1 [18, 2.11]. Let k be a fixed integer with 0  k  6, and assume that for
p ∈ V (I), the following conditions hold:
(a) If dimRp  g +min{3, k}, then Ip is a complete intersection;
(b) If k = 6 and dimRp  g+ k+ 1, or if k = 6 and dimRp  g+ k, then µ(Ip) g+ 1,
Ip is perfect and a (g− 2)-fold hypersurface section;
(c) If k = 6 and dimRp = g + k + 1, then Ip is as in (b), or else, µ(Ip)  g + 2, Ip is
perfect, Gorenstein, and a (g− 3)-fold hypersurface section.
Let J be an R-ideal in the linkage class of I . Then (R,J ) has a deformation (R˜, J˜ )
such that J˜ satisfies conditions (a), (b) and (c).
Theorem 6.2 [18, 2.12]. Let k be a fixed integer with 0  k  6, and assume that for
p ∈ V (I), the following conditions hold:
(a) If dimRp  g+min{3, k}, or dimRp  g+ k+ 2, then µ(Ip)max{g,dimRp− k};
(b) If k = 6 and dimRp  g+ k+ 1, or if k = 6 and dimRp  g+ k, then µ(Ip) g+ 1,
Ip is perfect and a (g− 2)-fold hypersurface section;
(c) If k = 6 and dimRp = g + k + 1, then Ip is as in (b), or else, µ(Ip)  g + 2, Ip is
perfect, Gorenstein, and a (g− 3)-fold hypersurface section.
Let J be anR-ideal in the even linkage class of I . Then (R,J ) has a deformation (R˜, J˜ )
such that J˜ satisfies conditions (a), (b) and (c).
Theorem 6.3 [18, 2.13]. Let k be a fixed integer with 0  k  10, and assume that for
p ∈ V (I) the following conditions hold:
(a) If dimRp  g+min{6, k}, or dimRp  g+ k+ 2, then µ(Ip)max{g,dimRp− k};
(b) If dimRp  g+k+2, then µ(Ip) g+2, Ip is perfect, Gorenstein, and a (g−3)-fold
hypersurface section.
Let J be a Gorenstein R-ideal in the even linkage class of I . Then for a suitable
finite set of variables Z, (R(Z), JR(Z)) has a deformation (R˜, J˜ ) such that J˜ satisfies
conditions (a) and (b).
We must now show that the conditions of these theorems are preserved upon taking
products.
Lemma 6.4. Consider the following conditions on a Cohen–Macaulay algebra A =
k❏x1, . . . , xn❑/I :
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(b) µ(Ip) g + 1 and Ip is a (g − 2)-fold hypersurface section for all p ∈ Spec(A) with
dimAp  6;
(c) Ip is as in (b), or µ(Ip)  g + 2, Ip is Gorenstein, and a (g − 3)-fold hypersurface
section for all p ∈ Spec(A) with dimAp  7;
(d) d(Ap) dimAp − 6 for all p ∈ Spec(A) with dimAp  8.
If two such k-algebras A and B satisfy conditions (a), (b), (c), (respectively, and (d))
then so does A ⊗̂k B .
Proof. We fix presentations A = k❏x1, . . . , xn❑/I , B = k❏y1, . . . , ym❑/J , and C = A ⊗̂k
B ∼= k❏x1, . . . , xn, y1, . . . , ym❑/(I, J ). For q ∈ Spec(C), we let p1 = q ∩A ∈ Spec(A) and
p2 = q ∩ B ∈ Spec(B). Then dimCq  dimAp1 + dimBp2 . Now if dimCq  3, then
dimAp1  3 and dimBp2  3, hence both Ip1 and Jp2 are complete intersections. Thus
(I, J )q is also a complete intersection, which shows (a).
To show (b), let dimCq  6. Then dimAp1  6 and dimBp2  6 and one of these, say
dimAp1 , is at most 3. Then Ip1 is a complete intersection by (a), and Jp2 is an almost
complete intersection and a (gradeJ − 2)-fold hypersurface section by condition (b).
Hence (I, J )q is an almost complete intersection and a (gradeI + gradeJ − 2)-fold
hypersurface section, showing (b).
For (c), let dimCq = 7. Then dimAp1  7 and dimBp2  7, and one of these
dimensions, say dimAp1 , is at most 3. But then Ip1 is a complete intersection by (a),
and Jp2 satisfies (c). Now if Jp2 is as in (b), then so is (I, J )q as above. Otherwise, Jp2 is
Gorenstein, of deviation at most two, and is a (gradeJ − 3)-fold hypersurface section. But
then (I, J )q is Gorenstein, of deviation at most two, and is a (gradeI + gradeJ − 3)-fold
hypersurface section. Thus (I, J )q also satisfies (c).
Now suppose that A and B also satisfy (d). Let dimCq  8. By symmetry we may
assume that dim Ap1  dimBp2 . We consider several cases.
(i) dimAp1  8 and dimBp2  2. In this case we evidently have
d(Cq) d(Ap1)+ d(Bp2)
 dimAp1 − 6+max{2,dimBp2 − 6}
=max{dimAp1 + dimBp2 − 12,dimAp1 − 4}
 dimAp1 + dimBp2 − 6
 dimCq − 6.
(ii) dimBp2  3. Since Bp2 is a complete intersection,
d(Cq) d(Ap1)+ d(Bp2)
max{2,dimAp1 − 6}
 dimCq − 6.
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d(Cq) d(Ap1)+ d(Bp2)
 4
 dimAp1 + dimBp2 − 6
 dimCq − 6.
(iv) dimAp1  6. Finally, in this case, Ap1 and Bp2 are both almost complete
intersections, hence
d(Cq) d(Ap1)+ d(Bp2)
 2
 dimCq − 6. ✷
Lemma 6.5. Consider the following conditions on a Gorenstein algebra A = k❏x1, . . . ,
xn❑/I :
(a) A is (CI6);
(b) µ(Ip)  g + 2, Ip is a (g − 3)-fold hypersurface section for all p ∈ Spec(A) with
dimAp  12;
(c) d(Ap) dimAp − 10 for all p ∈ Spec(A) with dimAp  12.
If two such k-algebras A and B satisfy conditions (a), (b) (respectively, and (c)) then so
does A ⊗̂k B .
Proof. We argue similarly as in Lemma 6.4. Fix presentations A= k❏x1, . . . , xn❑/I , B =
k❏y1, . . . , ym❑/J , and C = A ⊗̂k B ∼= k❏x1, . . . , xn, y1, . . . , ym❑/(I, J ). For q ∈ Spec(C),
we let p1 = q ∩ A ∈ Spec(A) and p2 = q ∩ B ∈ Spec(B). Then dimCq  dimAp1 +
dimBp2 . Now if dimCq  6, then dimAp1  6 and dimBp2  6, hence both Ip1 and Jp2
are complete intersections. Thus (I, J )q is also a complete intersection, which shows (a).
To show (b), let dimCq  12. Then dimAp1  12 and dimBp2  12 and one of
these, say dimAp1 , is at most 6. Then Ip1 is a complete intersection by (a), and Jp2 has
deviation at most 2 and is a (gradeJ −3)-fold hypersurface section by condition (b). Hence
(I, J )q has deviation at most 2, and is a (gradeI + gradeJ − 3)-fold hypersurface section,
showing (b).
Now suppose that A and B also satisfy (c). Let dimCq  12. By symmetry we may
assume that dimAp1  dimBp2 . We consider several cases.
(i) dimAp1  12 and dimBp2  2. In this case we evidently have
d(Cq) d(Ap1)+ d(Bp2)
 dimAp1 − 10+max{2,dimBp2 − 10}
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 dimAp1 + dimBp2 − 10
 dimCq − 10.
(ii) dimBp2  6. Now Bp2 is a complete intersection, hence
d(Cq) d(Ap1)+ d(Bp2)
max{2,dimAp1 − 10}
 dimCq − 10.
(iii) 7  dimAp1  12 and dimBp2  7. Now both d(Ap1) and d(Bp2)  2 by (b),
hence
d(Cq) d(Ap1)+ d(Bp2)
 4
 dimAp1 + dimBp2 − 10
 dimCq − 10. ✷
The main results of [18], Theorem 3.2 and Proposition 3.3, now immediately imply the
following.
Corollary 6.6. If A1, . . . ,An are rigid licci k-algebras (respectively rigid licci Gorenstein
k-algebras), with residue fields k, then A1 ⊗̂k · · · ⊗̂k An satisfies all the conditions of
Lemma 6.4 (respectively Lemma 6.5).
We also need a lemma from [18], but with a slightly weaker hypothesis. However, the
proof remains essentially unchanged.
Lemma 6.7 [18, 3.1]. Let k be a perfect field, R be a power series ring over k, let I
be a perfect R-ideal of grade g, and assume that A = R/I is rigid as a k-algebra. Let
q ∈ V (I) such that Aq is (R3), (I/I 2)q is (S3), and Iq is a t-fold hypersurface section.
Then ecodim(Aq) g− t .
Finally, we will need to verify that tepli ideals satisfy the condition on the conormal
module of the previous lemma.
Lemma 6.8. Let R be a regular local ring containing a field and let I be a tepli R-ideal
that satisfies (CIk). Then I/I 2 satisfies (Sk).
Proof. We may assume that k > 0. Since R/I satisfies (CIk), it suffices to show that
depth (I/I 2)q  k for every prime q ∈ V (I) with dim(R/I)q  k + 1. Since Iq is a tepli
Rq -ideal, by Proposition 3.8, we conclude that depth (I/I 2)q  dim(R/I)q − 1 k. ✷
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(a) A is (R3).
(b) d(Ap) 1 and ecodim(Ap) 2 for all p ∈ Spec(A) with dimAp  6.
(c) Ap is as in (b), or else, Ap is Gorenstein, d(Ap)  2, and ecodim(Ap)  3 for all
p ∈ Spec(A) with dimAp = 7.
Proof. By assumption there is a presentation A = R/J , where R is a power series ring
over k and J is a tepli R-ideal. Hence there exists a sequence of links
J = J0 ∼ · · · ∼ Jn = I
in R, where I =∑ri=1 Ii is a transversal sum of licci R-ideals Ii . We may deform (R, I)
to (R˜, I˜ ), in such a way that R˜ ∼= R˜1 ⊗̂k · · · ⊗̂k R˜n, R˜i is a power series ring over k, I˜i is
an R˜i -ideal such that (R˜i, I˜i ) is a deformation of (R, Ii), and each R˜i/I˜i is rigid over k.
Consider a sequence of links
J˜ = J˜0 ∼ · · · ∼ J˜n = I˜
in R˜, such that (R˜, J˜i) is a deformation of (R,Ji) for all 0 i  n. In particular, (R˜, J˜ ) is
a deformation of (R,J ). Furthermore, since I˜ is generically a complete intersection, using
[15, 2.17] and [14, 2.5], one may even assume that the links from J˜ to I˜ are geometric.
Note that I˜i is still a licci R˜i -ideal, hence by Corollary 6.6 I˜ satisfies all the conditions
from Lemma 6.4 with k = 6.
By Theorem 5.1 it follows that R˜/J˜ is (CI3). But since A is rigid, R˜/J˜ is a power
series ring over A=R/J , hence A is also (CI3). Now again the rigidity implies that A is
actually (R3) [17, 3.13]. This proves (a).
For (b) and (c) we now apply Theorem 6.1 to I˜ . We obtain that (R˜, J˜ ), and hence
(R,J ), has a deformation (R˜, J˜ ) such that J˜ satisfies conditions (a)–(c) from Theorem 6.1.
Again the rigidity of A implies that ((R˜)̂ , (J˜ )̂ ) ∼= (R❏Y ❑, JR❏Y ❑) for some finite set of
variables Y . Thus JR❏Y ❑ satisfies conditions (a)–(c) of Theorem 6.1, and hence so does J ,
except possibly the claims about being a hypersurface section. The remaining claims follow
as in the proof of [18, 3.2] (using now Lemma 6.8). ✷
Theorem 6.10. Let A be a rigid evenly tepli k-algebra. Then d(Ap) dimAp − 6 for all
p ∈ Spec(A) with dimAp  8.
Proof. We may now apply Theorem 6.2. In this case, as in the proof of Theorem 6.9, we
find that A has a deformation B satisfying d(Bp) dimBp − 6 for all p ∈ Spec(B) with
dimBp  8. Again by the rigidity of A, it follows that A has the same property. ✷
Theorem 6.11. Let A be a rigid tepli Gorenstein algebra. Then
(a) A is (R6).
(b) d(Ap) 2, and ecodim(Ap) 3 for all p ∈ Spec(A) with dimAp  12.
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Proof. By Corollary 4.10, A is defined by an ideal that is evenly linked to a transversal
sum of licci Gorenstein ideals. Thus we now use Theorem 6.3, and arguments as in the
proof of Theorem 6.9, to see that there is a purely transcendental extension k(Z) of k such
that A ⊗̂k k(Z) has the properties claimed in the theorem. Then by descent A has these
properties as well. ✷
Remark 6.12. Theorem 6.10 does not hold for all (rigid) tepli algebras. To see this, let
A be the generic codimension 2 Cohen–Macaulay algebra of deviation 1, over a perfect
field k, with dimA = 4. Let B be the tepli algebra defined by a generic link of A ⊗̂k A.
Since A ⊗̂k A is rigid (7.2), it follows that B is also rigid [21]. Now if m denotes the
maximal ideal m of A ⊗̂k A, then dimBmB = 8. However, BmB is a universal link, so that
d(BmB)= r(A ⊗̂k A)= r(A)2 = 4 > 2= dimBmB − 6.
7. Divisor class groups
In this section we make some remarks concerning the nature of the divisor class group
of a rigid tepli algebra.
The divisor class group of a rigid licci algebra has been computed by Ulrich:
Theorem 7.1 [29]. If A is a rigid licci algebra then Cl(A)= Z[ωA]. This group is trivial
if A is Gorenstein and infinite cyclic otherwise.
The proof of this result rests heavily upon a structure theorem for rigid licci rings of
dimension at most 12 [29].
We will observe that an analogous result does not hold for tepli algebras. Indeed, it
does not hold even for the tensor product of licci algebras. First we remark that rigidity is
preserved under tensor product.
Proposition 7.2. Let k be a perfect field, and let A and B be reduced Cohen–Macaulay
complete local k-algebras with residue field k. Then A and B are rigid over k if and only
if A ⊗̂k B is rigid over k.
Proof. Set C =A ⊗̂k B . Since k is perfect, the Jacobian criterion shows that C is reduced.
Hence we have that T 1(C/k) = Ext1C(ΩC,C); also ΩC = (ΩA ⊗A C) ⊕ (C ⊗B ΩB)
(cf. [1] for the analytic case). Thus we find that
T 1(C/k)∼= Ext1C(ΩC,C)
∼= Ext1C
(
(ΩA ⊗A C)⊕ (C ⊗B ΩB),C
)
∼= Ext1C(ΩA ⊗A C,C)⊕ Ext1C(C ⊗B ΩB,C)
∼= Ext1C(ΩA ⊗A C,A⊗A C)⊕ Ext1C(C ⊗B ΩB,C ⊗B B)
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∼= (T 1(A/k)⊗A C)⊕ (T 1(B/k)⊗B C).
Thus if A and B are rigid over k then so is C. The converse follows since C is faithfully
flat over A and B . ✷
Now suppose that A and B are complete normal Cohen–Macaulay k-algebras, with
perfect residue fields k. Then the complete tensor productA⊗̂k B is normal, and the natural
morphisms of A and B into A ⊗̂k B induce an monomorphism
Cl(A)⊕Cl(B)→ Cl(A ⊗̂k B).
Example 7.3. Let A be any rigid licci algebra, over a perfect field, that is not Gorenstein.
(For example, one may let A be a generic codimension 2 Cohen–Macaulay algebra.) Then
Cl(A)∼= Z. Let An =A ⊗̂k · · · ⊗̂k A be the n-fold complete tensor product of A with itself.
Then A is a rigid tepli algebra and Zn ↪→ Cl(An). It follows that there is no bound on
the rank of the divisor class groups of a rigid tepli algebra.
We would like to say that, at least in the situation above, that the divisor class group is
actually free of rank n. This is known to hold at least over C by the following result.
Theorem 7.4 [2]. Let k be an algebraically closed field of characteristic zero, and let A
and B be complete normal local k-algebras having finitely generated divisor class groups.
Then the canonical map
Cl(A)⊕Cl(B)→ Cl(A ⊗̂k B)
is an isomorphism.
Corollary 7.5. Let k be an algebraically closed field of characteristic zero, let Ai be
rigid licci k-algebras with residue field k (1  i  n) and suppose that exactly χ of the
algebrasAi are not Gorenstein. Set B =A1 ⊗̂k · · · ⊗̂k An. Then Cl(B)∼= Zχ . In particular,
Cl(B)= Z[ωB ] if and only if χ  1,
In particular, the tensor product of rigid licci Gorenstein rings is factorial. One may
show another such factoriality result using the work [5].
Proposition 7.6. A rigid tepli Gorenstein algebra of deviation at most 4 is factorial.
Proof. Let A be a rigid tepli Gorenstein algebra of deviation  4. By Corollary 5.6 (or
Theorem 6.11) A is (R6). Since d(A)  4, according to [5, Theorem 29], it suffices to
verify that In/In+1 is (S4) for every n. But Corollary 4.10 and Theorem 6.11 imply that
grI (R) is Cohen–Macaulay [8], hence by [6, 3.3], this condition is equivalent to d(Ap)
dimAp − 4 for all p ∈ Spec(A) with dimAp  4. This holds again by Theorem 6.11. ✷
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class group under completion. In [15, 4.1], examples were given of normal local Cohen–
Macaulay rings A such that the cokernel of the map Cl(A)→ Cl(Â) has arbitrarily large
rank. They were constructed from the homogeneous coordinate rings of certain line bundles
on quotients of SLn. Instead, using now Corollary 7.5, we can give somewhat simpler
examples.
Example 7.7. Let k be an algebraically closed field of characteristic zero, and let A be
any complete rigid licci k-algebra that is not Gorenstein, let n be any positive integer, and
set C = A ⊗̂k · · · ⊗̂k A (n factors). Then by Corollary 7.5, Cl(C) ∼= Zn. Now according
to [14, 3.1], we may find a deformation of C to a normal (not necessarily complete)
ring B , such that Cl(B)= Z[ωB ]. But by the rigidity of C, B̂ ∼= C❏t1, . . . , tr❑ for some r .
Thus Cl(B̂) ∼= Cl(C❏t1, . . . , tr❑) ∼= Cl(C ⊗̂k k❏t1, . . . , tr❑) ∼= Cl(C) ⊕ Cl(k❏t1, . . . , tr❑) ∼=
Cl(C)∼= Zn. Thus the map on completion Cl(B)→ Cl(B̂) has cokernel of rank n− 1.
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